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Abstract 
During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
the creep behaviour of HPT blades. Flight data records (FDR) for a specific aircraft, provided by a commercial aviation 
company, were used to obtain thermal and mechanical data for three different flight cycles. In order to create the 3D model 
needed for the FEM analysis, a HPT blade scrap was scanned, and its chemical composition and material properties were 
obtained. The data that was gathered was fed into the FEM model and different simulations were run, first with a simplified 3D 
rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
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Abstract
In the present work, a complex potential approach is proposed in order to study the singular solution behaviour at wedges or
sharp notches in fibre-reinforced composite plates u ing first-o der shear deformat on plate theory. The s ngul rity exponent λ as a
measure of the strength of the singularity is calculated for different notch opening angles and boundary conditions along the notch
faces. Furthermore, the influence of the fibre orientation on the singularity exponent is discussed in detail. Asymptotic solutions of
the governing system of partial differential equations are derived employing a Lekhnitskii-like formalism using three holomorphic
potentials. Choosing the complex potentials according to prescribed boundary conditions finally leads to an eigenvalue problem
where the singularity exponents appear as roots of the corresponding characteristic equation. In contrast to the classical Kirchhoff-
Love plate theory, it is shown that the present approach allows for a distinction between singularities associated to transverse shear
forces and to bending moments and that the fibre orientation significantly affects the singularity exponent. The obtained asymptotic
near fields are compared to finite element data. The findings are in very good agreement with numerical results and results from
literature available for the limit case of isotropic material behaviour.
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1. Introduction
In recent years, fibre-reinforced composite materials have become an important feature in modern structural ap-
plications. Especially in the context of lightweight design, thin-walled structural composite elements like plates and
shells are frequently used. In the presence of highly localised stress concentrations due to corners or sharp notches at
which the initiation of failure is prone to occur a detailed structural analysis is necessary in order to ensure a reliable
assessment of the load carrying capacity. In the framework of linear elasticity geometrical discontinuities even induce
stress singularities. Applying concepts of fracture mechanics the local near-tip field in the vicinity of stress singulari-
ties is of special interest. Due to the complex geometry of notched structures closed-form solutions are hardly available
and numerical methods as the finite element method suffer from a weak convergence leading to a high numerical ef-
fort. Therefore, methods of asymptotic analysis can be used very advantageously in order to study the local near-tip
∗ Corresponding author. Tel.: +49 6151 16-26147
E-mail address: felger@fsm.tu-darmstadt.de
2452-3216 c© 2016 The Auth rs. Published by Elsevier B.V.
Peer-review under responsibility of the Scientific Committee of ECF21.
Available online at www.sciencedirect.com
Structural Integrity Procedia 00 (2016) 000–000
www.elsevier.com/locate/procedia
21st European Conference on Fracture, ECF21, 20-24 June 2016, Catania, Italy
Asymptotic near-field analysis of wedges in anisotropic composite
plates using first-order shear deformation theory
J. Felger∗, W. Becker
Technische Universita¨t Darmstadt, Fachgebiet Strukturmechanik, Franziska-Braun-Straße 7, 64287 Darmstadt, Germany
Abstract
In the present work, a complex potential approach is proposed in order to study the singular solution behaviour at wedges or
sharp notches in fibre-reinforced composite plates using first-order shear deformation plate theory. The singularity exponent λ as a
measure of the strength of the singularity is calculated for different notch opening angles and boundary conditions along the notch
faces. Furthermore, the influence of the fibre orientation on the singularity exponent is discussed in detail. Asymptotic solutions of
the governing system of partial differential equations are deriv d employing a L khnitskii-like formalism using three holomorphic
potentials. Choosing the complex potentials according to prescribed boundary conditions finally leads to an eigenvalue problem
where the singularity exponents appear as roots of the corresponding characteristic equation. In contrast to the classical Kirchhoff-
Love plate theory, it is shown that the present approach allows for a distinction between singularities associated to transverse shear
forces and to bending moments and that the fibre orientation significantly affects the singularity exponent. The obtained asymptotic
near fields are compared to finite element data. The findings are in very good agreement with numerical results and results from
literature available for the limit case of isotropic material behaviour.
c© 2016 The Authors. Published by Elsevier B.V.
Peer-review under responsibility of the Scientific Committee of ECF21.
Keywords: V-notch, Anisotropic plate, Reissner-Mindlin theory, Singularity analysis, Complex potential method
1. Introduction
In recent years, fibre-reinforced composite materials have become an important feature in modern structural ap-
plications. Especially in the context of ligh weight design, thin-walled structural composite elements like plates and
shells are frequently used. In the presence of highly localised stress concentrations due to corners or sharp notches at
which the initiation of failure is prone to occur a detailed structural analysis is necessary in order to ensure a reliable
assessment of the load carrying capacity. In the framework of linear elasticity geometrical discontinuities even induce
stress singularities. Applying concepts of fracture mechanics the local near-tip field in the vicinity of stress singulari-
ties is of special interest. Due to the complex geometry of notched structures closed-form solutions are hardly available
and numerical methods as the finite element method suffer from a weak convergence leading to a high numerical ef-
fort. Therefore, methods of asymptotic analysis can be used very advantageously in order to study the local near-tip
∗ Corresponding author. Tel.: +49 6151 16-26147
E-mail address: felger@fsm.tu-darmstadt.de
2452-3216 c© 2016 The Authors. Published by Elsevier B.V.
Peer-review under responsibility of the Scientific Committee of ECF21.o
Copyright © 2016 The Aut ors. Published by Elsevier B.V. This is an op n access article under the CC BY-NC-ND licens   
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
r-review under responsibility of the Scientific Co mittee of ECF21.
 J. Felger et al. / Procedia Structural Integrity 2 (2016) 2504–2511 2505Available online at www.sciencedirect.com
Structural Integrity Procedia 00 (2016) 000–000
www.elsevier.com/locate/procedia
21st European Conference on Fracture, ECF21, 20-24 June 2016, Catania, Italy
Asymptotic near-field analysis of wedges in anisotropic composite
plates using first-order shear deformation theory
J. Felger∗, W. Becker
Technische Universita¨t Darmstadt, Fachgebiet Strukturmechanik, Franziska-Braun-Straße 7, 64287 Darmstadt, Germany
Abstract
In the present work, a complex potential approach is proposed in order to study the singular solution behaviour at wedges or
sharp notches in fibre-reinforced composite plates using first-order shear deformation plate theory. The singularity exponent λ as a
measure of the strength of the singularity is calculated for different notch opening angles and boundary conditions along the notch
faces. Furthermore, the influence of the fibre orientation on the singularity exponent is discussed in detail. Asymptotic solutions of
the governing system of partial differential equations are derived employing a Lekhnitskii-like formalism using three holomorphic
potentials. Choosing the complex potentials according to prescribed boundary conditions finally leads to an eigenvalue problem
where the singularity exponents appear as roots of the corresponding characteristic equation. In contrast to the classical Kirchhoff-
Love plate theory, it is shown that the present approach allows for a distinction between singularities associated to transverse shear
forces and to bending moments and that the fibre orientation significantly affects the singularity exponent. The obtained asymptotic
near fields are compared to finite element data. The findings are in very good agreement with numerical results and results from
literature available for the limit case of isotropic material behaviour.
c© 2016 The Authors. Published by Elsevier B.V.
Peer-review under responsibility of the Scientific Committee of ECF21.
Keywords: V-notch, Anisotropic plate, Reissner-Mindlin theory, Singularity analysis, Complex potential method
1. Introduction
In recent years, fibre-reinforced composite materials have become an important feature in modern structural ap-
plications. Especially in the context of lightweight design, thin-walled structural composite elements like plates and
shells are frequently used. In the presence of highly localised stress concentrations due to corners or sharp notches at
which the initiation of failure is prone to occur a detailed structural analysis is necessary in order to ensure a reliable
assessment of the load carrying capacity. In the framework of linear elasticity geometrical discontinuities even induce
stress singularities. Applying concepts of fracture mechanics the local near-tip field in the vicinity of stress singulari-
ties is of special interest. Due to the complex geometry of notched structures closed-form solutions are hardly available
and numerical methods as the finite element method suffer from a weak convergence leading to a high numerical ef-
fort. Therefore, methods of asymptotic analysis can be used very advantageously in order to study the local near-tip
∗ Corresponding author. Tel.: +49 6151 16-26147
E-mail address: felger@fsm.tu-darmstadt.de
2452-3216 c© 2016 The Authors. Published by Elsevier B.V.
Peer-review under responsibility of the Scientific Committee of ECF21.
Available online at www.sciencedirect.com
Structural Integrity Procedia 00 (2016) 000–000
www.elsevier.com/locate/procedia
21st European Conference on Fracture, ECF21, 20-24 June 2016, Catania, Italy
Asymptotic near-field analysis of wedges in anisotropic composite
plates using first-order shear deformation theory
J. Felger∗, W. Becker
Technische Universita¨t Darmstadt, Fachgebiet Strukturmechanik, Franziska-Braun-Straße 7, 64287 Darmstadt, Germany
Abstract
In the present work, a complex potential approach is proposed in order to study the singular solution behaviour at wedges or
sharp notches in fibre-reinforced composite plates using first-order shear deformation plate theory. The singularity exponent λ as a
measure of the strength of the singularity is calculated for different notch opening angles and boundary conditions along the notch
faces. Furthermore, the influence of the fibre orientation on the singularity exponent is discussed in detail. Asymptotic solutions of
the governing system of partial differential equations are derived employing a Lekhnitskii-like formalism using three holomorphic
potentials. Choosing the complex potentials according to prescribed boundary conditions finally leads to an eigenvalue problem
where the singularity exponents appear as roots of the corresponding characteristic equation. In contrast to the classical Kirchhoff-
Love plate theory, it is shown that the present approach allows for a distinction between singularities associated to transverse shear
forces and to bending moments and that the fibre orientation significantly affects the singularity exponent. The obtained asymptotic
near fields are compared to finite element data. The findings are in very good agreement with numerical results and results from
literature available for the limit case of isotropic material behaviour.
c© 2016 The Authors. Published by Elsevier B.V.
Peer-review under responsibility of the Scientific Committee of ECF21.
Keywords: V-notch, Anisotropic plate, Reissner-Mindlin theory, Singularity analysis, Complex potential method
1. Introduction
In recent years, fibre-reinforced composite materials have become an important feature in modern structural ap-
plications. Especially in the context of lightweight design, thin-walled structural composite elements like plates and
shells are frequently used. In the presence of highly localised stress concentrations due to corners or sharp notches at
which the initiation of failure is prone to occur a detailed structural analysis is necessary in order to ensure a reliable
assessment of the load carrying capacity. In the framework of linear elasticity geometrical discontinuities even induce
stress singularities. Applying concepts of fracture mechanics the local near-tip field in the vicinity of stress singulari-
ties is of special interest. Due to the complex geometry of notched structures closed-form solutions are hardly available
and numerical methods as the finite element method suffer from a weak convergence leading to a high numerical ef-
fort. Therefore, methods of asymptotic analysis can be used very advantageously in order to study the local near-tip
∗ Corresponding author. Tel.: +49 6151 16-26147
E-mail address: felger@fsm.tu-darmstadt.de
2452-3216 c© 2016 The Authors. Published by Elsevier B.V.
Peer-review under responsibility of the Scientific Committee of ECF21.
2 J. Felger, W. Becker / Structural Integrity Procedia 00 (2016) 000–000
r
x
y
φ
s
n
Fig. 1: Sketch of a notched plate subjected to forces and moments along the boundary.
fields at notches. Williams (1951) was the first one to study stress singularities at sharp V-notches in isotropic plates
under bending employing the classical Kirchhoff-Love plate theory and the eigenfunction expansion method. Due to
the underlying kinematic assumption, the classical Kirchhoff-Love plate theory is inadequate for correctly rendering
the local near-tip field in the vicinity of high stress concentrations (Williams, 1961; Timoshenko, 1959). Therefore,
higher order plate theories have to be used in order to study the local stress distribution. Employing Reissner’s plate
theory (Reissner, 1945), the case of a through-thickness crack has been examined using asymptotic solutions of sin-
gular integral equations (Knowles and Wang, 1960; Joseph and Erdogan, 1991). Hui and Zehnder (1993) applied a
suitable series expansion leading to the asymptotic crack-tip field and Sosa and Herrmann (1989) investigated cracks
in Reissner-Mindlin plates (Mindlin, 1951) using an eigenfunction expansion method. Burton and Sinclair (1986)
studied stress singularities at V-notches in isotropic Reissner plates extending the eigenfunctions expansion technique
of Williams. Huang (2003) employed the Frobenius method and Ro¨ssle and Sa¨ndig (2011) used functional analytical
methods in order to investigate singularities at V-notches in isotropic Reissner-Mindlin plates.
Another very powerful approach especially for anisotropic material behaviour is the complex potential method
where two equivalent formalisms exist (Barnett, 1997) attributed to Lekhnitskii (1963) and Stroh (1958). The complex
potential method has been successfully applied to plane problems of plates under extension (Chue and Liu, 2001; Ting,
1996; Manticˇ et al., 1997) as well as to plates under bending based on the classical Kirchhoff-Love plate theory (Savin,
1961; Becker, 1993).
In the present work, a complex potential approach is derived to investigate singularities at V-notches within the first-
order shear deformation plate theory (FSDT). The governing system of partial differential equations (PDE-system) is
solved applying methods of asymptotic analysis and introducing three complex potentials. The holomorphic potentials
depend on three generalised complex coordinates which are given in a closed-form manner for orthotropic materials.
The resulting singularity exponents follow from an eigenvalue problem and are calculated numerically as roots of
the corresponding characteristic equation. It will be shown that the singularity exponent λ strongly depends on the
fibre direction and the boundary conditions along the notch faces. Furthermore, singularities stronger than the classical
crack-tip singularity occur. A comparison with finite element results shows that the local near-tip field can be rendered
correctly and very efficiently by means of the proposed complex potential approach. Finally the obtained near-tip fields
allow for further application in combination with the finite element method as performed by Rhee and Atluri (1982)
and Dolbow et al. (2000).
2. Complex potential formalism
2.1. Governing equations of the FSDT
Let us consider a notched plate under bending or transverse loading schematically depicted in Fig. 1 with a rectan-
gular coordinate system {x, y, z} and its associated cylindrical coordinate system {r, φ, z} placed at the notch tip. In the
framework of the FSDT, the displacement field is assumed to have the form
U(x, y, z) = zψx(x, y),
V(x, y, z) = zψy(x, y),
W(x, y, z) = w(x, y)
(1)
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where ψx and ψy are the inclination angles and w represents the mid-plane deflection. Within the analysis of plates, it
is convenient to introduce the stress resultants
Mx =
∫ h/2
−h/2
σxzdz, My =
∫ h/2
−h/2
σyzdz, Mxy =
∫ h/2
−h/2
τxyzdz, Qx =
∫ h/2
−h/2
τxzdz, Qy =
∫ h/2
−h/2
τyzdz. (2)
In the present work, we focus on orthotropic material behaviour. If the three planes of symmetry coincide with the
coordinate planes of the defined rectangular coordinate system, the constitutive relations can be established in the
form 
Mx
My
Mxy
 =
D11 D12 0D12 D22 00 0 D66


ψx,x
ψy,y
ψx,y + ψy,x
 ,
{
Qy
Qx
}
= κ
[
A44 0
0 A55
] {
w,y + ψy
w,x + ψx
}
. (3)
The displacement field according to Eq. (1) and the constitutive relations in Eq. (3) together with the equilibrium
equations lead to a system of partial differential equations (PDE-system) with the mid-plane deflection w and the
inclination angles ψx and ψy as unknown functions. If the plate is only subjected to transverse forces and moments
along the boundary, cf. Fig. 1, the governing PDE-system can be written as
A44(w,yy + ψy,y) + A55(w,xx + ψx,x) = 0,
D11ψx,xx + D12ψy,xy + D66(ψx,yy + ψy,xy) − κA55(w,x + ψx) = 0,
D12ψx,xy + D22ψy,yy + D66(ψx,xy + ψy,xx) − κA44(w,y + ψy) = 0.
(4)
Applying the principle of virtual work (Reddy, 1997), the boundary conditions corresponding to the local {n, s}-
coordinate system can be expressed as
w = w∗ or Qn = Q∗n, ψn = ψ
∗
n or Mn = M
∗
n, ψs = ψ
∗
s or Mns = M
∗
ns. (5)
The FSDT allows for prescribing three physically natural boundary conditions along the plate edges in contrast to the
classical plate theory where artificial Kirchhoff shear forces have to be defined.
2.2. Asymptotic solution
In fracture mechanics, the local near-tip field in the vicinity of the notch tip is of special interest. From the gen-
eral theory of elliptic boundary value problems containing singularities at conical or angular points (Grisvard, 1980;
Kondrat’ev, 1967) it is known that local solutions in the vicinity of the singularity can be written in the form
w ∼
∑
i
Ki rλiWi(φ), ψx ∼
∑
i
Ki rλiΨix(φ), ψy ∼
∑
i
Ki rλiΨiy(φ), (6)
where λi are the singularity exponents (λi ≤ λi+1) with their associated intensity factors Ki, Wi(φ),Ψix(φ) and Ψiy(φ)
are smooth functions depending on the circumferential coordinate. Eq. (6) yields
w
ψx
ψy
 = O(rλi ),

w,x, w,y
ψx,x, ψx,y
ψy,x, ψy,y
 = O(rλi−1),

w,xx, w,xy, w,yy
ψx,xx, ψx,xy, ψx,yy
ψy,xx, ψy,xy, ψy,yy
 = O(rλi−2) (7)
with
rλi−2  rλi−1  rλi for r → 0. (8)
Therefore, the leading order terms for r → 0 are associated with the second-order derivatives. Substituting the expan-
sion of Eq. (6) into the PDE-system (4), collecting terms of equal order in r and considering only the leading order
terms yields the reduced PDE-system
A44w,yy + A55w,xx = 0,
D11ψx,xx + D12ψy,xy + D66(ψx,yy + ψy,xy) = 0,
D12ψx,xy + D22ψy,yy + D66(ψx,xy + ψy,xx) = 0,
(9)
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which describes the dominating part of the local solution in the vicinity of the notch tip. The obtained reduced PDE-
system in Eq. (9) can be solved by means of a complex potential approach based on the Lekhnitskii-formalism. The
PDE-system (9) can be rewritten symbolically in the form
D1D2 w = 0
D3D4D5D6 ψx = 0
D3D4D5D6 ψy = 0
 with Dk = ∂∂y − µk ∂∂x . (10)
The complex parameters µk are the roots of the algebraic characteristic equations corresponding to the PDE-system (9)
which are purely imaginary in the considered case of orthotropic material behaviour and appear in complex conjugated
pairs. They can be given explicitly as
µk =

i
√
A55
A44
for k = 1
i
√√
D11D22 − 2D12D66 − D122
2D22D66
±
√D11D22 − 2D12D66 − D2122D22D66
2 − D11D22 for k = 2, 3,
(11)
where µ4 = µ1, µ5 = µ2 and µ6 = µ3. Integrating the decoupled system in Eq. (10) finally yields the general solution
w = 2Re[Φ1(z1)], ψx = 2Re
 3∑
k=2
Φk(zk)]
 , ψy = 2Re
 3∑
k=2
γkΦk(zk)]
 . (12)
Here, Φ1(z1), Φ2(z2) and Φ3(z3) are arbitrary holomorphic potentials and
zk = x + µky and γk =
D11 + D66µ2k
(D12 + D66)µk
, (13)
where zk represent generalised complex coordinates. In order to express the stress resultants through the complex
potentials, the general solution representation in Eq. (12) is substituted into the constitutive relations. Considering
only leading order terms finally yields
{
Qy
Qx
}
= 2
{
Re[A55Φ′1(z1)]
Re[A44µ1Φ′1(z1)]
}
,

Mx
My
Mxy
 = 2

Re
 3∑
k=2
(D11 + D12γkµk)Φ′k(zk)

Re
 3∑
k=2
(D12 + D22γkµk)Φ′k(zk)

Re
 3∑
k=2
D66 (γk + µk)Φ′k(zk)


. (14)
The stress resultants corresponding to a cylindrical coordinate system {r, φ, z} can be obtained from Eq. (14) by con-
ventional tensor transformation.
3. Singularity analysis
The underlying PDE-system is fulfilled for an arbitrary choice of the holomorphic potentials. Once the three com-
plex potentials are known, all field variables can be deduced from Eq. (12) and Eq. (14). In order to solve a boundary
value problem, the three complex potentials have to be chosen such that the prescribed boundary conditions are ful-
filled. As typical for asymptotic solutions only Dirichlet or Neumann boundary condition along the edges of the notch
are taken into account. Within an asymptotic near-field analysis, a suitable ansatz for the complex potentials can be
written as
Φi(zi) = Aizλi + Biz
λ
i , with λ ∈ C, i ∈ {1, 2, 3}, (15)
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where the quantities Ai and Bi are complex constants. In order to satisfy a given set of homogeneous boundary
conditions, the resulting homogeneous system of six linear equations
Da = 0, a = (A1, B1, A2, B2, A3, B3)T , D ∈ C6x6 (16)
must be fulfilled. The requirement for the existence of non-trivial solutions yields the characteristic equation
det[D(λ)] = 0, (17)
determining the singularity exponents λk, also denoted as eigenvalues. The associated eigenvectors ak then represents
the kernel of the matrix D(λk) and are determined up to a multiplicative constant related to the intensity factor in
Eq. (6). The characteristic equation is a highly non-linear transcendental equation and therefore is solved numerically
using the computer algebra system Mathematica. As a consequence of the linearity of the problem the resulting
eigenfunctions Φ(λk)i can be superposed leading to complex potentials
Φˆi = Φ
(λ1)
i + Φ
(λ2)
i + Φ
(λ3)
i + ... i = 1, 2, 3, (18)
composed of different deformation modes. Substituting the complex potentials of Eq. (15) into Eq. (14) for the bending
moments and transverse shear forces yields
M = O
(
rRe[λ]−1
)
, Q = O
(
rRe[λ]−1
)
. (19)
Therefore, singularities in the cross-sectional forces occur if
0 < Re[λ] < 1, (20)
where the lower bound ensures the integrability of the strain energy and the special case of λ = 0 constitutes a rigid
body motion. From Eq. (19) it is evident that the bending moments and transverse shear forces within the FSDT are
of the same order in r in contrast to the classical Kirchhoff-Love plate theory, in which the transverse shear forces are
of lower order in r leading to an overestimation of the corresponding singularity order.
4. Results and discussion
Using the FSDT, it can be distinguished between singularities for the transverse shear forces and singularities for
the bending moments. This distinction results from the structure of the eigenvector a. Using Eq. (14), it follows:
a =

(
A1, B1, 0, 0, 0, 0
)T
singular transverse shear forces,(
0, 0, A2, B2, A3, B3
)T
singular bending moments.
(21)
Moreover, each eigenfunction Φ(λk)i introduced in Eq. (18) corresponds to a characteristic deformation mode. In the
presence of a plane of symmetry along the x-axis as shown in Fig. 2 two canonical deformation modes can be iden-
tified. On the one hand a symmetric deformation due to symmetric loading and on the other hand an antisymmetric
deformation due to antisymmetric loading. Both deformation modes can be characterised by
w,y
∣∣∣
y=0 = 0, ψy
∣∣∣
y=0 = 0, symmetric,
w
∣∣∣
y=0 = 0, ψy,y
∣∣∣
y=0 = 0, antisymmetric.
(22)
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must be fulfilled. The requirement for the existence of non-trivial solutions yields the characteristic equation
det[D(λ)] = 0, (17)
determining the singularity exponents λk, also denoted as eigenvalues. The associated eigenvectors ak then represents
the kernel of the matrix D(λk) and are determined up to a multiplicative constant related to the intensity factor in
Eq. (6). The characteristic equation is a highly non-linear transcendental equation and therefore is solved numerically
using the computer algebra system Mathematica. As a consequence of the linearity of the problem the resulting
eigenfunctions Φ(λk)i can be superposed leading to complex potentials
Φˆi = Φ
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composed of different deformation modes. Substituting the complex potentials of Eq. (15) into Eq. (14) for the bending
moments and transverse shear forces yields
M = O
(
rRe[λ]−1
)
, Q = O
(
rRe[λ]−1
)
. (19)
Therefore, singularities in the cross-sectional forces occur if
0 < Re[λ] < 1, (20)
where the lower bound ensures the integrability of the strain energy and the special case of λ = 0 constitutes a rigid
body motion. From Eq. (19) it is evident that the bending moments and transverse shear forces within the FSDT are
of the same order in r in contrast to the classical Kirchhoff-Love plate theory, in which the transverse shear forces are
of lower order in r leading to an overestimation of the corresponding singularity order.
4. Results and discussion
Using the FSDT, it can be distinguished between singularities for the transverse shear forces and singularities for
the bending moments. This distinction results from the structure of the eigenvector a. Using Eq. (14), it follows:
a =

(
A1, B1, 0, 0, 0, 0
)T
singular transverse shear forces,(
0, 0, A2, B2, A3, B3
)T
singular bending moments.
(21)
Moreover, each eigenfunction Φ(λk)i introduced in Eq. (18) corresponds to a characteristic deformation mode. In the
presence of a plane of symmetry along the x-axis as shown in Fig. 2 two canonical deformation modes can be iden-
tified. On the one hand a symmetric deformation due to symmetric loading and on the other hand an antisymmetric
deformation due to antisymmetric loading. Both deformation modes can be characterised by
w,y
∣∣∣
y=0 = 0, ψy
∣∣∣
y=0 = 0, symmetric,
w
∣∣∣
y=0 = 0, ψy,y
∣∣∣
y=0 = 0, antisymmetric.
(22)
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Fig. 3: Singularity exponent λ in dependence of the angle γ between the notch faces and the x-axis for different fibre directions and stress-free
notch faces.
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Fig. 4: Comparison between finite element results and the asymptotic solution for the angular distribution of the bending moments Mx and My.
Using Eq. (12) for the deflection w and the inclination angles ψx and ψy the relations in Eq. (22) imply
A1 = B1, A2 = B2, A3 = B3, symmetric,
−A1 = B1, −A2 = B2, −A3 = B3, antisymmetric. (23)
Consequently, the deformation modes can also be characterised by the structure of the eigenvector a and Eq. (23)
allows for linking the singularity exponent with its associated deformation mode. In the following, the considered
plates are single unidirectional fibre-reinforced composite layers with the material properties: E11 = 135GPa, E22 =
9.4GPa, G12 = 4.85GPa, G23 = 3.24GPa and ν12 = 0.35.
Let us first consider the case of a symmetric notch with a plane of symmetry along the x-axis and stress free notch
edges. The boundary conditions can be expressed as
(Mφ + iMrφ)
∣∣∣
Γ
= 0, Qφ
∣∣∣
Γ
= 0, (24)
where Γ denotes the notch faces. In Fig. 3a the influence of the angle γ between the x-axis and the edges of the
notch on the singularity exponent λ for a composite layer with 0-degree fibre direction is depicted, in which the
fibres are oriented along the x-axis. Calculating the eigenvector related to each singularity exponent and using Eq.
(21) together with Eq. (23), it can be shown that the dashed line is associated to singular transverse shear forces
induced by an antisymmetric loading (QA). The solid lines represent singularities of the bending moments due to a
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Fig. 5: Singularity exponent λ in dependence of the angle γ between the notch faces and the x-axis for different fibre directions and simply supported
notch faces.
symmetric (MS ) and an antisymmetric (MA) loading, respectively. It can be seen that a symmetric loading causes
stronger singularities, except for the case of a crack (γ = pi) where λ1 = λ2 = λ3 = 0.5. Further, the smaller the notch
opening angle the stronger the singularity. For γ ≤ pi/2 no singularities arise. Fig. 3b shows the resulting singularity
exponents for the case of a 90-degree fibre direction. Compared to the 0-degree orientation, stronger singularities
occur for both the symmetric and antisymmetric deformation modes. In the antisymmetric case the range of the angle
γ where singularities are present has increased to 5pi/8 ≤ γ ≤ pi. With the knowledge of the singularity exponent
and the corresponding eigenvector a, the distribution of the field variables in the vicinity of the singularity is obtained
using Eq. (14). In Fig. 4 the asymptotic solution for a 0-degree and for a 90-degree composite layer taking into account
the leading order term only is compared to finite element results obtained with Abaqus 6.13 using conventional thick
shell elements. The numerical results of the angular distribution of the bending moments evaluated at a small distance
R close to the notch tip is in very good agreement with the asymptotic solution. As expected, the bending moment
distribution is strongly affected by the fibre orientation.
Next, consider a symmetric wedge with simply supported edges, also referred to as hard simply supported, with
boundary conditions according to
Mφ
∣∣∣
Γ
= 0, ψr
∣∣∣
Γ
= 0, w
∣∣∣
Γ
= 0. (25)
In Fig. 5a the singularity exponent for a 0-degree fibre direction is depicted. It can be seen that very strong singularities
for the bending moments arise for pi/2−ε ≤ γ ≤ pi/2+ε in the case of a symmetric loading and for γ ≤ pi−ε under an
antisymmetric loading with ε being a small parameter. Here, it is to emphasize that the singularities are much stronger
compared to the classical case of a crack with stress free edges. In the special case of a straight edge with γ = pi/2 the
corresponding singularity exponent λ = 0 represents a rigid body motion where the plate can freely rotate around the
axis along the straight edge. In contrast to the results presented in Fig. 3 singularities are present over a wide range
of γ. Furthermore, singularities for the transverse shear forces arise only for a symmetric loading. If the fibres are
oriented along the y-axis, cf. Fig. 5b, the range of γ where singularities are present under symmetric loading can be
reduced.
5. Conclusion
In the present work a complex potential approach has been proposed in order to study stress singularities at notched
anisotropic plates using the first-order shear deformation theory. The singularity exponent λ has been obtained as
solution of an eigenvalue problem. The influence of the notch opening angle, of the boundary conditions along the
notch faces and of the fibre orientation on the singularity exponent has been studied in detail. It has been shown
that it can be distinguished between singularities associated to the transverse shear forces and the bending moments
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symmetric (MS ) and an antisymmetric (MA) loading, respectively. It can be seen that a symmetric loading causes
stronger singularities, except for the case of a crack (γ = pi) where λ1 = λ2 = λ3 = 0.5. Further, the smaller the notch
opening angle the stronger the singularity. For γ ≤ pi/2 no singularities arise. Fig. 3b shows the resulting singularity
exponents for the case of a 90-degree fibre direction. Compared to the 0-degree orientation, stronger singularities
occur for both the symmetric and antisymmetric deformation modes. In the antisymmetric case the range of the angle
γ where singularities are present has increased to 5pi/8 ≤ γ ≤ pi. With the knowledge of the singularity exponent
and the corresponding eigenvector a, the distribution of the field variables in the vicinity of the singularity is obtained
using Eq. (14). In Fig. 4 the asymptotic solution for a 0-degree and for a 90-degree composite layer taking into account
the leading order term only is compared to finite element results obtained with Abaqus 6.13 using conventional thick
shell elements. The numerical results of the angular distribution of the bending moments evaluated at a small distance
R close to the notch tip is in very good agreement with the asymptotic solution. As expected, the bending moment
distribution is strongly affected by the fibre orientation.
Next, consider a symmetric wedge with simply supported edges, also referred to as hard simply supported, with
boundary conditions according to
Mφ
∣∣∣
Γ
= 0, ψr
∣∣∣
Γ
= 0, w
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Γ
= 0. (25)
In Fig. 5a the singularity exponent for a 0-degree fibre direction is depicted. It can be seen that very strong singularities
for the bending moments arise for pi/2−ε ≤ γ ≤ pi/2+ε in the case of a symmetric loading and for γ ≤ pi−ε under an
antisymmetric loading with ε being a small parameter. Here, it is to emphasize that the singularities are much stronger
compared to the classical case of a crack with stress free edges. In the special case of a straight edge with γ = pi/2 the
corresponding singularity exponent λ = 0 represents a rigid body motion where the plate can freely rotate around the
axis along the straight edge. In contrast to the results presented in Fig. 3 singularities are present over a wide range
of γ. Furthermore, singularities for the transverse shear forces arise only for a symmetric loading. If the fibres are
oriented along the y-axis, cf. Fig. 5b, the range of γ where singularities are present under symmetric loading can be
reduced.
5. Conclusion
In the present work a complex potential approach has been proposed in order to study stress singularities at notched
anisotropic plates using the first-order shear deformation theory. The singularity exponent λ has been obtained as
solution of an eigenvalue problem. The influence of the notch opening angle, of the boundary conditions along the
notch faces and of the fibre orientation on the singularity exponent has been studied in detail. It has been shown
that it can be distinguished between singularities associated to the transverse shear forces and the bending moments
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which are significantly affected by the fibre orientation and the boundary conditions. For the case of simply supported
notch faces forming a nearly straight edge, singularities stronger than the classical crack tip singularity have been
observed. Moreover, it has been shown that the range of notch opening angles leading to singularities varies with
the fibre orientation. Consequently, a variation of the fibre direction could lead to an elimination of singularities.
Finally, a comparison of the resulting asymptotic near-tip fields with finite element calculations has shown a very
good agreement. The proposed complex potential method further allows for an embedding in numerical methods as
e.g. an efficient calculation of generalised stress intensity factors.
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